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_oop transformations

o What ?




Loop transformations

o N

o What ?
A loop transformation changes the execution order of
the iterations of one or more loops.

o |
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Loop transformations

o N

o What ?
A loop transformation changes the execution order of
the iterations of one or more loops.
o Why ?
s Parallelism
s Locality
s Memory size

o |
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Parallelism example

for (I =1;, 1 <= N ++i)
for (] =1;, ] <= N ++4])
a[i][J] = f(b[1][]-1]);
b[i][J] = 9(a[i-1][1]);




Parallelism example

k- J
or (i =1; i <= N, ++i ?é{oé?é{é{o
ffor( (] :jL 1; <:NN; +sz) ‘%*I\&é“\—éé“z\g*:&;

ali][j] = f(b[i]1[j-1]); S e
b[i1[j1 = g(ali-1][j]); el el el el

ARG




Parallelism example

f | | | | | 5
k‘i \ \ \ \ \‘]

or (i =1 0 <= N ++ AR AR
For (=1 | <N ) AN
HTIHER IR B Ao
RO

for (j =1; ] <= N +4j)
b[1]1i] = g(alol[i]);

for (i = 1; i <= N-1. ++i)
for (j =1; j <= N ++) {
ali10i] = f(blil[j-1]);
LI = o@D

for (j =1; ] <= N ++j)

 aINI[j] = f(bIN[j-1]);
[




k J
for (I =1; 1 <= N, ++i) ?é{?oé?é{?é{%
for (j =1; ] <= N, ++4j) 0\—8{%\&?0\—8{0\@‘%
ali][j] = f(b[i1[j-1]); S e
b[i1[j] = g(ali-11[j]); el el el el
ARMNAN
for (j =1, ] <= N +4j) j
fb[l(][j] = g(a[0][j]); | k- AT
or (I =1; 1 <= N1, ++i I A
for (j =1; ] <= N, ++j) { g\zi\g\zg\g
a[i][j] = f(b[i][j-1]); 2 U
}b[i+1][j] = g(ali][j]); g@@@@
for (j =1; ] <= N +4) 1 e et Ny
 aINI[j] = f(bIN[j-1]); i

Parallelism example

[

|
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L_ocality example
ffor (1 =0; 1 <= N ++i)

afi] = ...
for (I =0; 1 <= N ++i)
b[1] =f(a[N1])




L_ocality example

ffor(i:0;i<:N;+"’i) oo o o o

afi] = ...
for (I =0; 1 <= N ++i)
G—o o—0O

b[ 1] = f(a[N1]) o




Locality example
F__for (i =0; i <= N ++i) __W

afi] = ...
for (I =0; 1 <= N ++i)
c—=o0 o—0O

b[i] =f(a[N-1]) o

for (I =0; I <= N ++i)
af[i] = ...

for (I =0; I <= N, ++i)
b[N-I] = f(a[i])

o |
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Locality example
F__for (i =0; i <= N ++i) __W

afi] = ...
for (I =0; 1 <= N ++i)
c—=o0 o—0O

b[i] =f(a[N-1]) o

for (I =0; i <= N ++i) ¢
af[i] = ... 0

for (I = 0; 1 <= N ++i)
b[N-i] = f(a[i])

o |
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L_ocality example

F__for (1 =0; 1 <= N ++i)

afi] = ...
for (I =0; 1 <= N ++i)
b[1] =f(a[N1])

for (I =0; I <= N ++i)
af[i1] = ...

for (I =0; I <= N, ++i)
b[N-1] = f(a[i])

for (i =0; i <= N, ++i) {

ali] = ...
b[N-1] =Tf(a[i])
}

.
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L_ocality example

F__for (1 =0; 1 <= N ++i)

afi] = ...
for (I =0; 1 <= N ++i)
b[1] =f(a[N1])

for (I =0; I <= N ++i)
af[i1] = ...

for (I =0; I <= N, ++i)
b[N-1] = f(a[i])

for (i =0; i <= N, ++i) {

af[i] = ...
b[N-1] =ft(a[i])
}

.
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Rubik’s cube
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_oop transformations overview

o N

Common
Geometrical Iteration Transformed
C code model 100D Space code
o parser o transfor_ o pOlthdral - @
) scanner
mations
for (? :_0; i <= N, ++i) o o 9o o fora(: ::0; i <= N ++i) {
foraH]Jo;'i = N +H) OXA - bNi] = f(a[i])
b[i] = f(a[N-i]) - }
® PER #® LoopGen
® LooPo ® CLooG

o wW2p

o |

25.8%




Model Extraction

o N

# |nput: C code (Silage, ...)

# Output: Iteration domains (polytopes) + dependences

o |
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Model Extraction

o N

# |nput: C code (Silage, ...)

# Output: Iteration domains (polytopes) + dependences

for (i =1;i <= N; ++i)
for (j =1;j <=1i; ++)
al[i][]]=

o |
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Model Extraction

o N

# |nput: C code (Silage, ...)

# Output: Iteration domains (polytopes) + dependences

for (i = 1;i <= N; ++i)
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Model Extraction

o N

# |nput: C code (Silage, ...)

# Output: Iteration domains (polytopes) + dependences

for (i =1;i <= N; ++i)
for (j =1;j <=1i; ++)
a[i][]]=

lteration domain:

- - |
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Model Extraction

o N

# |nput: C code (Silage, ...)

# Output: Iteration domains (polytopes) + dependences

for (] 1; ] <=1 ; +4j)
al[i][]]=

lteration domain:

for (i = 1:i <= N; ++)
]

P={[i,j]] i>1
AN 1< N v
A G>1
A<} )
| ; -

28.5%




Model Extraction

o N

# |nput: C code (Silage, ...)

# Output: Iteration domains (polytopes) + dependences

for (1 =1;1 <= N, ++i)
for (] =1; ] <=1 ; ++4))
alI1][)J]=
lteration domain:
N J
P={[ij] i>1
N 1< N \hg L
W e
A ]SZ} — =+ — |- @& 0 @& — =
» e

29.0%




Scanning Polyhedra

o N

# |nput: Iteration domains (polytopes) in a common
iteration space

# Output: C code

# Ordering: lexicographical
= one loop per dimension

J
* for (i = 1; i <= N, ++i)
°° = for ()] =1, | <=1; ++4])
- ali][j]=

32.2%
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Affine-by-statement Scheduling

o N

The iteration domain of each statement is transformed
through an affine transformation

—

V;E Py - .AX(’L) — AXZT)—F ax
Ax (Px) IS a polytope

—

tx (1) < ty(j) <= Ax(i) < Ay ()

o |
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Affine-by-statement Scheduling
-

The iteration domain of each statement is transformed
through an affine transformation

—

VZE Py - .AX(’L) — AXZT)—F ax
Ax (Px) IS a polytope

—

tx (1) < ty(j) <= Ax(i) < Ay ()

Linear transformation: transforms the polytope

o |
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Affine-by-statement Scheduling
-

The iteration domain of each statement is transformed
through an affine transformation

—

V;E Py - .AX(’L) — AXZT)—F ax
Ax (Px) IS a polytope

—

tx (1) < ty(j) <= Ax(i) < Ay ()

Linear transformation: transforms the polytope
Offset: translates the polytope

o |
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Affine-by-statement Scheduling

o N

The iteration domain of each statement is transformed
through an affine transformation

—

V;E Py - .AX(’L) — AXZT)—F ax
Ax (Px) IS a polytope

—

tx (1) < ty(j) <= Ax(i) < Ay ()

Linear transformation: transforms the polytope
Offset: translates the polytope

If Ax IS unimodular then #Ax(Px) = #Px

o |

A%




Alternative approach

o N

Affine-by-statement “mapping” + global ordering vector 7
(used previously at IMEC)

-

tx(i) < ty(j) <= TAx(i) < T Ay ()

o |
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Alternative approach

o N

Affine-by-statement “mapping” + global ordering vector 7
(used previously at IMEC)

-

tx(i) < ty(j) < #Ax(i) < 7" Ay (j)
Ordering Is equivalent to an extra linear transformation:

1 < 7?77;:> U=a < Uﬁg

—//

U{f(AXZ"‘ JX) = XZ + a'y
U-. Unimodular extension of 7

o |
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-

Affine-by-statement “mapping” + global ordering vector 7

Alternative approach

-

(used previously at IMEC)

—,

tx(i) < ty(j) < #Ax(i) < 7" Ay (j)

Ordering Is equivalent to an extra linear transformation:

Uz

1 < 7?77;:> U=a < Uﬁg

—//

U{f(AXZ"‘ JX) = XZ + a'y

Unimodular extension of 7%

= more complicated without a clear gain

|

T%




-

Subdivision

(part of

# Dependence Analysis

model extraction

v

# Linear transformation step
= Determine all Ay

# Translation step
= Determine all dx

= Linear transformation step needs to ensure that a valid

translation still exists

|
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Dependence Relation

o -

The dependence relation contains all pairs of iterations that
depend on each other.
For each pair of statements A and B containing references

— —

to the same array: A[J4(:)] and A|Jp(7)]

04,8 =1(Z,9) € (Ua, IB)|Z < YA Ja(Z) = Jp(Y)}

o |
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Dependence Relation

o -

The dependence relation contains all pairs of iterations that
depend on each other.
For each pair of statements A and B containing references

— —

to the same array: A[J4(:)] and A|Jp(7)]

04,8 =1(Z,9) € (Ua, IB)|Z < YA Ja(Z) = Jp(Y)}
B

for (I =0; 1 <= N, ++i)
af[i] = ...

for (I =0;, 1 <= N ++i)
b[1] =Tf(a[N1])

45.1%




Dependence Polytope

o N

The dependence polytope is the convex hull of all distance
vectors.

Dy p = conv {;J— T|Z04 B ?7}




Dependence Polytope

o N

The dependence polytope is the convex hull of all distance
vectors.

_DAigzcmnv{g—%ﬂfd&Bg}

B

for (I =0; I <= N ++i)
af[i1] = ...

for (I =0; I <= N, ++i)
b[1] = Tf(a[N-i])

.3%
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Valid Transformation

o N

Each iteration of a statement should be executed after all
the statement iterations on which it depends:

—

Ax (1) < Ay (5) ifioxyj

o |
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Valid Transformation

o N

Each iteration of a statement should be executed after all
the statement iterations on which it depends:

—

Ax (1) < Ay (5) ifioxyj

Dependence relation after transformation:

-,

Oy = { (Ax (D), Ay ()Iioxv |

o |
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Valid Transformation

o N

Each iteration of a statement should be executed after all
the statement iterations on which it depends:

—

Ax (1) < Ay (5) ifioxyj

Dependence relation after transformation:

— —,

.y = { (Ax (@, Ay ()T oxv 7}

Validity constraint:
, S

Dy = 0

?

o |

&
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Incremental Translation

o N

Translation = loop fusion + loop shifting

1. Initialize G.
2. If G contains a single node, stop.
3. Select two nodes p; and ps In G.

4. Select an offset &y, ,, = d,, — @, fOr ps relative to p;.
5. Combine p; and py Into one node.
6. Goto 2.

o |




Incremental Translation
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3. Select two nodes p; and ps In G.

4. Select an offset &y, ,, = d,, — @, fOr ps relative to p;.
5. Combine p; and py Into one node.
6. Goto 2.

How to select relative offset ?
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Incremental Translation

o N

Translation = loop fusion + loop shifting

1. Initialize G.
2. If G contains a single node, stop.
3. Select two nodes p; and ps In G.

4. Select an offset &y, ,, = d,, — @, fOr ps relative to p;.
5. Combine p; and py Into one node.
6. Goto 2.

How to select relative offset ?
— Easy if dependence graph is acyclic

o |




USVD Dependence Graph




Cycles and Valid Relative Offsets

o N

Let = be a cycle in the dependence graph

—

™= (p1,D2,- - Pn—1,Pn =p1)  dij € Dy

dio+dy —dy+de3+dz—dg+...+dyp—11+d1 —dp—1 >0




Cycles and Valid Relative Offsets

o N

Let = be a cycle in the dependence graph

—

™= (p1,D2,- - Pn—1,Pn =p1)  dij € Dy

dio+és —ér+dos+as—as+...+dp—11+ &t — dp=t = 0




Cycles and Valid Relative Offsets

o N

Let = be a cycle in the dependence graph

—

™= (p1,D2,- - Pn—1,Pn =p1)  dij € Dy

dio+és —ér+dos+as—as+...+dp—11+ &t — dp=t = 0

n—1
Vi = (Z Di,i—i—l) ~ 0
1=1
Feasibllity criterion:

0 < min| |V;;
> U 7,
j

o |




New Cycles
-

Combining two nodes creates new cycles

T
\i/

2 cycles
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New Cycles
-

Combining two nodes creates new cycles
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2 cycles 3 new cycles
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New Cycles
-

Combining two nodes creates new cycles
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2 cycles 3 new cycles




New Cycles
-

Combining two nodes creates new cycles

0<i>0 [ [
2 cycles 3 new cycles




New Cycles
-

Combining two nodes creates new cycles

0<i>0 [ [
2 cycles 3 new cycles




New Cycles
-

Combining two nodes creates new cycles

0<i>0 [ [
2 cycles 3 new cycles

D




New Cycles
-

When combining p; and po

61_)1,2 + do — a1 = 0 Vdi o € D19

Minimal distance vectors:

—

dij = 1 Vij

B _ N
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l_inear Transformation

-

Legality Constraint:

0 < min| |V
> U 7
j

= For each SCC a constraint of the form:

(A1 Ay Az - AP0

= Top rows of A; should correspond to linear equalities in P

o |
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Cost functions

o N

# Linear placement:
s regularity
= minimize dimension of dependence polytope
s locality over (indirect) self-dependences
= reuse In inner loop(s)
# Translation:
» locality over other dependences
= minimize distance (lexicographically)
s Mmemory requirement
s data reuse

o |




[llustrative example

-

Initial specification:

for (I =1;, 1 <= N ++i)

for (j =1; j <= Ni+l; ++4j)
a[1][1] = nfi][)] +afi-1]1)];

for (p =1; p <= N ++p)
b[p][1] = f( a[N-p+1][p], a[N-p][Pp] ):

for (k = 1;, k <= N ++k)
for (I =1; | <= Kk; ++l|)
b[ k] [1+1] = g( b[k][I] );

LBuffer space required: 2N
N




Model Extraction

-

for (I =1; 1 <= N ++i)
for (j =1; j <= Ni+1; ++)
ali][1] =in[i][j] +a[i-1][]];

_\ for (g =1; g <= 1; ++0q)
for (p =1, p <= N ++p)
b[p][1] = f(a[N-p+1][p], a[N-p][p]);

for (k = 1; k <= N, ++k)
for (I =1; | <= k; ++l)
b[ k][I +1] = g(b[Kk][I]);

o | |




Model Extraction

-

for (I =1; 1 <= N ++i)
for (j =1; j <= Ni+1; ++)
ali][1] =in[i][j] +a[i-1][]];

_\ for (g =1; g <= 1; ++q)
for (p =1, p <= N ++p)
b[p][1] = f(a[N-p+1][p], a[N-p][p]);

for (k = 1; k <= N, ++k)
for (I =1; | <= k; ++l)
b[ k][I +1] = g(b[Kk][I]);

o | |




Model Extraction




_inear transformation




_inear transformation




_inear transformation




_inear transformation




_inear transformation




_inear transformation




_inear transformation




Translation




Translation




Translation




Translation




Translation

for (J=1; J<=N, ++4]) {

for (1=1; 1 <=N-j+1; ++i)
a[i][J] =inli ][] +ali-1][]];
b[J][1] = f(a[N-J+1][J], a[N-J][]]);
for (I=1; I<=; ++)
b[J1[1+1] = g(b[J]I[I]);

}

Buffer space required: 2
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Related Work: affine-by-statement

-

# Optimizing parallelism
s Darte and Robert (1995)

s Feautrier (1992) = minimal latency
s Darte and Vivien (1997) (shifted linear)

#® General framework: Kelly and Pugh (1994)

-

s Lim and Lam (1997) = minimal synchronization

# Optimizing locality
s Limetal. (2001)
Main differences:

#® Two separate steps
L ® Use of distance vectors

|
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Related Work: linear phase

o N

o Self-reuse
s Wolf and Lam (1991)
s Kandemir et al. (2001)
Apply a single linear transformation to a single loop nest

# Regularity

s Olsen and Gao (1992)
s Limited linear transformations per statement
s Requires perfectly nested loop nests

s van Swaalj (1992)

s Danckaert (2001)
s Performs an additional ordering step that can be
avoided

o |




Related Work: fusion + bumping

o N

# Manjikian and Abdelrahman (1997)
s Only bumping for legality
s Acyclic dependence graph

# Fraboulet et al. (1999), Song et al. (2001)
s Memory requirement
s (Near) uniform dependences
» One-shot (min-flow)

# Darte and Huard (2002)
s Array contraction
s One-shot (ILP formulation)

LA” are essentially one-dimensional J
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-

.

Conclusions

® Much related work

# Two step approach
s Linear transformation
s Translation (loop fusion + loop bumping)

# Implementation
s Dependence analysis
s Translation step

# Future work:
s Linear transformation algorithm
s More/improved cost functions
s Trade-offs

|
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Unimodular extension

o N

Unimodular extension of 7%
ﬁ.’T
Ux — [U] AU =1
Exists if ged(7) = 1; not unique

—T—

7TCL<7?TZ;:> U=a < Uﬁg

Uz(Axi+ dx)
= UzAxi+ Uzdx

/= —//
= Axt+ax

= ordering step = linear transformation of common

~ iteration space |
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Unimodular extension




Unimodular extension

J

5,8 8 &



Unimodular extension




Why an extra ordering step ?

B -
# Advantages:

» The complexity is reduced. In each phase, a cost
function can be used which is more simple than a
combined cost function.

s lItis a new approach compared to existing work. The
latter has not led to an automated loop
transformation methodology.

(Dixit Koen Danckaert)

o |

DTAI 2003-04-22 — p.36



Why an extra ordering step ?

o N

# Disadvantages:

s All transformations can be performed in many
different ways, by different combinations of
placement and ordering. Future work should
Investigate whether at least part of this redundancy
can be removed.

s Only heuristic (I.e., non time-related) cost functions
are possible during the placement, such that
potentially a placement could be chosen which does
not allow a good ordering (and final solution)
anymore.

L(Dixit Koen Danckaert) J
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Finding good mappings
B -

® Greedy search
s Very fast
s only for trivial cases

# Constraint Satisfaction Problem
o fast
s (currently) only for OD dependences

#® Backtracking search
s can find non truly-optimal placements
s limited set of mappings
s Set too large for dimensions > 3

o |
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Backtracking search

o N

Initialization
# Generate set of linear mappings

A = {07 1}n><n

# Find implicit equalities C;

# Eliminate redundant mappings
Polytope 1. A1R; Ay <— A1 — Ay =M - C

Ai:A/RZ‘

# Calculate optimal dimension

o |
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Backtracking search

o N

For each dependency (D;) between a pair of polytopes:
rd.D; < G

. Vi :¢; =n (n. dimension)

find solution among A; satisfying constraints
If Insolvable or optimal solution found, stop
tighten one constraint

a bk wWwbhE

goto 2

o |
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