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Ehrhart Quasi-Polynomials

-

S = 729n{xeQYAx+Cp+b >0}
= 7%n {xe@d\v I/I/>OZV—1}

Vertex Vi(p) = > . \jipi + f;

#5 iIs an Ehrhart quasi-polynomial £(p)




Ehrhart Quasi-Polynomials

-

S = 729n{xeQYAx+Cp+b >0}
= Zdﬁ{xe@d\\/ I/I/>OZV—1}

Vertex Vj(p) — ZZ )\j@'pz’ -+ fj

#5'Is an Ehrhart quasi-polynomial £(p)
# Quasi-polynomial of degree d in p
o Coefficients: periodic numbers u, with period s

up = ul[p; mod s1]|p2 mod sg]| ... [p, mod s,

# Period s; Is Icm of denominators of A;;

L # Can be obtained through interpolation or directly
[]

|
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|nter polation Example

P ={zx|x > 0,2z < p} V:{(),g}

X

I N

TR ) = (et +[ed),

___:f_/T_ i _:_ o ap + ¢ p even
vty bp + d p» odd

I N

c = 1

b+d = 1

20+c = 2

= 2




|nter polation Example

P ={zx|x > 0,2z < p} V:{(),g}

X
I
T ST E) = [+l d)
_:lf_/T_ i _:_ ~ Jap+c  peven
vty | p+d p» odd
I
c = 1 a = 1/2
b+d = 1 = b = 1/2
20a+c¢c = 2 c = 1
3b+d = 2 d = 1/2




P={z|z>0,20 <p+6,z<p}

Validity domains




Enumerations

P={z|z>0,20 <p+6,z<p}

0<p<6 —p+1
7

ﬂPm){




or

Enumerations

P={z|z>0,20 <p+6,z<p}

0<p<6 —p+1
E(P;p)z p 7
p>06 — 5+ 4, 5)p
0<p<6 —p+1
E(P;p) = p_ (P
p>6 — 5 — {5} +4

|
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Barvinok Example
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= — —
o

\ T={x|r1 >0Ax9 > 0AN2x1+ 22 <2}
|
|
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Barvinok Example

o N

L2

| L1

(0,0) : |

Generating function: f(P;x) = > cpqze X&

f(T;x) :1+x1+x%+x2+x1x2+x% or

|
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Barvinok Example

o N

L2

(0,0)

Generating function: f(P;x) = > cpqze X&
f(T;x)=1+x +:13% + 29 + 1129 +:1:% or
2 2 1

Lo L1
=231 —a5Y) (=21 )(1—aples)  (L—a)(l— o)

LNumber of lattice points: f(7:1) =6 J
- 22.2% MFO 2004 — p.7/28




Barvinok’s Algorithm

o N

1. For each vertex v; of P
(a) Determine supporting cone cone(P, v;)
(b) Let K = cone(P,v;) — v;
(c) Decompose K into unimodular cones { ¢;, K }

(d) For each K;
. Determine f(K;;x)

(&) f(cone(P,vi);x) = ¥, ejx k) (K x)

2. f(P;x)=>_. f(cone(P,v;);x)
3. evaluate f(P;1)

o |

25.9%




Par ametric Barvinok

-

1. For each vertex v;(p) of P

(a) Determine supporting cone cone(P, v;(p))

(b) Let K = cone(P,v;(p)) — vi(p)

(c) Decompose K into unimodular cones { ¢;, K }

(d) For each K;

. Determine f(K;;x)

(€) f(cone(P,vi(p));x) =3, ex"ViPLIG) f(K;;x)
2. For each validity domain D of P

(@) f(P;x) =2 y,ep [lcone(P,vi(p));x)

(b) evaluate f(P;1)

.




The Lattice Point Near a Vertex

- -
E(Vz'(P>a Kj) = Z D\k(pﬂ Bjk

k

Ae(P)] = Ae(P) +{=M(P)}

= Expressions with fractional parts instead of lookup-tables




Parametric Barvinok Example

-
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L ookup-tablesvs. Fractional Parts

o N

S={t|0<in1024t —39800 <i < 199 A0 < k < 198
AO < § <199 A G+ 200k < 823 + 1024¢ }

Vertices:

( +25i 823 and ( N 4975
1024 128 1024 1024 128

= Lookup-tables of size 1024 - 128 (exponential in input size)

o |
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-

.

L ookup-tablesvs. Fractional Parts

-

S={t|0<in1024t —39800 <i < 199 A0 < k < 198
AO < § <199 A G+ 200k < 823 + 1024¢ }

Vertices:

( +25i 823 and ( N 4975
1024 128 1024 1024 128

= Lookup-tables of size 1024 - 128 (exponential in input size)

Using fractional parts:

—Ek ~ J 14888 n 1 + 200k 4 200 N 2539
128 1024 1024 64

|

40.7%




|ngredients of Enumerations

o N

# Fractional part

{2} =z — []
Eg. (-5} =5
# Fractional map

f:7Z" = Q: (x1,...,2n) — {ag+a1x1 + -+ + apxp}

1. N 7

_/L J—

8 8
L Q {p} Is the set of all such maps over p J
_ e MFO 2004 — p.13/28

with ag, a1, ...,a, € Q
E.g.,




|ngredients of Enumerations

o N

# Periodic numbers
Polynomials over the rationals in the fractional maps

P{p} = QQ{p}

L1 f1 T3
33 3" T8 8

E.g.,




|ngredients of Enumerations

o N

# Ehrhart quasi-polynomials
Polynomials over the periodic numbers

Elp] = (P{p})[p]

Lof1 1) f1 T8
7R IR Y

E.g.,




-

|ngredients of Enumerations

® Strides

E'=[f=0]-E1+[f #0] Ey
with f € Q{p}

2(p) = {E1<p> i f(p) =0

FE>(p) otherwise

=

Equivalent to

B+ ({F}— {F—l}+m—‘1) (B, — BY)

m m

with f = {F'} and m the common denominator of F




-

|ngredients of Enumerations

® Strides
E.g
LN IS VR 6 SN A N £ PN A
AT 1' 718 T2 3" T8[ 8
Equal to
E,O,O,OL@'JrO




|ngredients of Enumerations

o N

# Enumeration
Pairs of validity domains and Ehrhart quasi-polynomials

g, = {(D,E) c 92" xE[p]}

Ez(p) if3i:pe D,
E = .
(p) {O otherwise

Initially, the D are convex polytopes, but they can also
be unions of convex polytopes or other generalizations.

o |
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Integer Projections

o N

Extended problem:
Find the number of points in the integer projection of a

rational parametric polytope:

H1 4 (Z(‘Hd/) N { (v, €) € QUd+d) | Ay + De+Cp+b >0 })

or

#{yeZd\HeEZd/:Ay+De+Cp+bZO}

Notation:
x = (y,€,p)

o |
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Negative Constraint
-

Take a lower and an upper bound
nie; + (¢, x) + ¢ > 0

—Ny€ + (Cyy, X) + ¢y >0
_nu(<claX> T Cl) < NN < nl(<cuaX> -+ Cu)
P = ni({cy, x) + cy) + ny({c,x) + ¢1) + 1 < nyny

= at most one (integer) value for ¢; for each value of x
(“negative” constraint)

o |




Positive Constraint

o N

N (Ni€;) = Ny < Ny (ni€;) > Ny — ny, + 1

QT — Ny, QT QM + Ny
® . . () . . ® .

-




Positive Constraint

o N

N (Ni€;) = Ny < Ny (ni€;) > Ny — ny, + 1

QT — Ny, QT QM + Ny
® . . () . . ® .

b




Positive Constraint

o N

Nu(N1€) = Ny < Ny (Ng€5) > Nyar — Ny + 1

QNy — Ny, Ty, My, + Ny
O] . . o . . o .
I T
—nu(<Cl,X> + Cl) < Nyni€; < nl(<CU7X> T Cu)
)

—ny({(c;,x) +¢;) —ny + 1 < ngnge; < ny({ey, X) +¢y) +ny — 1

P Eni({cy,x)+cy)+nu({c;,x)+c;)+np—1+n, —14+1 > nyny

= at least one (integer) value for ¢; for each value of x
L(“positive” constraint = Omega test) J




Eliminating Existential Variables

o N

# Existential variable ¢; only yields positive constraints
= Eliminate ¢;

#P(y;€;p) = #P(y;€1,...,€—-1,€+1,---,€4;P)




Eliminating Existential Variables

o N

# Existential variable ¢; only yields positive constraints
= Eliminate ¢;

#P(y;€;p) = #P(y;€1,...,€—-1,€+1,---,€4;P)

# Existential variable ¢; yields a negative constraint and
one bound is independent of the other ¢;
= ¢; WIll never be counted twice
— Remove existential quantification

#P(y7€7p) — #P(Y7€i;617°"7€i—176i+17°"7€d’;p)

o |




Eliminating Existential Variables

o N

# Existential variable ¢; only yields positive constraints
= Eliminate ¢;

#P(y;€;p) = #P(y;€1,...,€—-1,€+1,---,€4;P)

# Existential variable ¢; yields a negative constraint and
one bound is independent of the other ¢;
= ¢; WIll never be counted twice
— Remove existential quantification

#P(y7€7p) — #P(Y7€i;617°"7€i—176i+17°"7€d’;p)

If P contains a single existential variable, then it can always
be handled this way.

o |
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. ine Removal

o N

?:{(y,e,p)EQ(derur")\Ay+De+C’p+bZO}

Suppose P contains a line (a, b, c), i.e.,

(y,e,p) € P& (y+a,et+bp+tc)el
or
E(P;p) =&(P;p+c)
Supposec =0
#® a +# 0= P isunbounded polyhedron
#® b # 0 = eliminated

\_#c#O J




. ine Removal

-

Assume c¢; > 0
Let

/!
P — P‘nglgcl—l

E(P;p)=E(P";p - VﬂJ c)

C1
gp//;p = { (Dél, E;/) } 5P;p — { (Di> EZ) }

o

Di= |J D/+jc  Eilp)=El(p - jc)

j==o0

.

= Extra variables ¢, rindomains: p=qgc +r,0<r; <¢; —1

|
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Splitting
- -

If none of the previous cases apply, we can try to split the
polytope.

P=P UP,=(Pn{x|{c,x) <0HU(PN{x|{(c,x)>1})

® c=(a0,)
= E(P)=&(P-)+ &E(Py)

® d=0=&(P;p) = [Ele c 74 . (e, p) EF}
= E(P) = £(P_) + E(Py) — E(P)E(P.)

® Otherwise
— Calculate £(P;y, p)

= E(P;p) =2, E(Py,p)

o |




Summing an Enumeration

o N

#® Rewrite each Ehrhart quasi-polynomial as a polynomial
in floor functions using {L.} = L — | L]

(8 % 1
k= Z ¢ j kY pPirTE
0,7,k

with r; = La() + Zz a;P; + Zj bjij and P |: r; > 0

® Consider each term cy®p®r?

Introduce new variables v; for each factor in y¢
Add constraints 1 < v; < y,,, t0 D = D’
Introduce new variables w; for each factor in 7

Add constraints 1 < w; < ry, to D' = D"

- = Compute cpPE(D"; p) o

e o o ©
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Remaining I ssues

o N

# Split on which hyperplane ?

» Constraint that is neither negative or positive ?
s Coordinate of a parametric vertex ?

» ...
# Complexity ?
# Simplification of fractional part expressions

o |



Related Wor k

Clauss (1997) T
= Number of points in hull minus number of holes

= Number of holes is equal to number of roots of some
Ehrhart quasi-polynomial

Seghir (2002)
= Number of points in “fat facet”
= Only works for a single existential variable

Barvinok and Woods (2002)

= Works directly on generating functions
= Not implemented yet ?

= Can It be extended to parametric case ?

Pugh (1994)
= Underspecified and apparently not implemented
= Resorts to massive “splintering” J
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